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Motivated by recent numerical discovery of a gapped spin liquid phase in spin-1/2 triangular-
lattice J1-J2 Heisenberg model, we classify symmetric Z2 spin liquids on triangular lattice in the
Abrikosov-fermion representation. We find 20 phases with distinct spinon symmetry quantum num-
bers, 8 of which have their counterparts in the Schwinger-boson representation. Among them we
identify 2 promising candidates (#1 and #20), which can realize a gapped Z2 spin liquid with up
to next nearest neighbor mean-field amplitudes. We analyze their neighboring magnetic orders and
valence bond solid patterns, and find one state (#20) that is connected to 120-degree Neel order
by a continuous quantum phase transition. We also identify gapped nematic Z2 spin liquids in the
neighborhood of the symmetric states and find 3 promising candidates (#1, #6 and #20).
PACS numbers: 71.27.+a, 75.10.Kt
I. INTRODUCTION
Thanks to advances in numerical methods and in-
creasing computational power, recently a lot of progress
has been made in the pursuit of quantum spin
liquids1,2 (QSLs) in various frustrated quantum spin
models3–11. In contrast to classical paramagnets driven
by thermal fluctuations, QSLs are symmetric zero-
temperature phases featured by collective excitations
which obey fractional statistics12–14 and long-range quan-
tum entanglement15,16 therein. Most recently using the
density matrix renormalization group (DMRG) method,
two numerical studies9,10 of the spin−1/2 Heisenberg J1-
J2 model on triangular lattice independently reported
strong evidence for a gapped spin liquid phase9,10 in the
finite range of J2/J1, sandwiched by a noncollinear 120-
degree Neel order at smaller J2/J1 and a collinear stripy
Neel order at larger J2/J1. This is also supported by ear-
lier variational Monte Carlo17–19 and other20–22 studies
on the same model. Due to its similarity to the gapped
Z2 spin liquid phase discovered in kagome Heisenberg
model3,5,6, this discovery motivates us to look for sym-
metric Z2 spin liquid phases on triangular lattice as pos-
sible candidates for the one realized in J1-J2 model.
A symmetric Z2 spin liquid hosts 3 types of fraction-
alized excitations: bosonic spinon b, bosonic vison v and
fermionic spinon f . Each of them obeys mutual semionic
statistics14 with the other two. Unlike usual ordered
phases characterized by their broken symmetries, sym-
metric spin liquids are characterized by the symmetry
quantum numbers of their fractional excitations. In par-
ticular, each quasiparticle can carry a fraction of the
unit symmetry quantum number carried by a funda-
mental particle (such as a magnon in frustrated mag-
nets), these phenomena are generally coined “symmetry
fractionalization”23,24. Take Z2 spin liquids for instance,
each spinon carries spin-1/2, half of the spin quantum
number carried by each magnon. Taken into account of
time reversal, spin rotation and space group symmetries,
there are many different symmetric Z2 spin liquids with
distinct qusiparticle symmetry quantum numbers. In-
stead of attempting to fully classify23–25 all possible Z2
spin liquids on triangular lattice, in this work we restrict
ourselves to the Abrikosov-fermion representation26–28,
which is a convenient way to construct variational wave-
functions of Z2 spin liquids. Among 20 distinct symmet-
ric states in Abrikosov-fermion representation, we iden-
tify two promising candidates (#1 and #20 in TABLE I)
that can realize a gapped Z2 spin liquid with up to next
nearest neighbor mean-field amplitudes.
Since the gapped spin liquid appears in proximity to
two magnetic orders in DMRG studies9,10, it’s desir-
able to understand the symmetry-breaking phases in the
neighborhood of symmetric Z2 spin liquids. In particular,
a Z2 spin liquid can enter either a noncollinear magnetic
order29,30 or a valence bond solid (VBS) phase31,32 via
continuous quantum phase transitions, by condensing ei-
ther bosonic spinons b or visons v. In this work, we study
the magnetic and VBS phases in the neighborhood of the
two gapped Z2 spin liquids, #1 and #20 in TABLE I. In
particular we find that #20 can be driven into 120-degree
noncollinear Neel order by a continuous quantum phase
transition.
In DMRG studies of triangular J1-J2 model, strong ev-
idence for nematic order i.e. breaking of 6-fold rotational
symmetry has been observed9,10. In this work we also ex-
plore the possibility of gapped nematic spin liquids33 in
the neighborhood of symmetric spin liquids. In addition
to the 2 symmetric candidates (#1 and #20), we iden-
tify another promising nematic gapped state i.e. #6 in
TABLE I. The mean-field ansatz of #6 and #20 nematic
states are depicted in FIG. 3 and 2.
This paper is organized as follows. In section II we
classify 20 distinct symmetric Z2 spin liquids in the
Abrikosov-fermion representation, as summarized in TA-
BLE I. We also unify the 8 previously obtained Z2 spin
liquids in the Schwinger-boson representation34 with our
Abrikosov-fermion states. In section III we propose 2
ar
X
iv
:1
50
5.
06
49
5v
3 
 [c
on
d-
ma
t.s
tr-
el]
  1
3 A
pr
 20
16
2promising candidates (#1 and #20 in TABLE I) among
all 20 symmetric states for the J1-J2 spin liquid phase,
and study the magnetic orders and VBS patterns in the
neighborhood of these 2 promising candidates. In section
IV we introduce nematic order into symmetric states, to
achieve nematic Z2 spin liquids on triangular lattice. We
find 3 promising gapped nematic Z2 spin liquids (#1, #6
and #20 in TABLE I, see FIG. 2 and 3) that may be real-
ized in triangular-lattice J1-J2 model. Finally concluding
remarks are given in section V.
II. CLASSIFYING SYMMETRIC Z2 SPIN
LIQUIDS ON TRIANGULAR LATTICE
We label each lattice site on a triangular lattice by
its positional vector r = x~a1 + y~a2 ≡ (x, y), where
~a1 = a(1, 0) and ~a2 = a(−1,
√
3)/2 are chosen to be two
Bravais vectors as shown in FIG. 1. The crystal symme-
try group is generated by two translations T1,2, mirror
reflection σ and site-centered pi/3 rotation C6
(x, y)
T1−→ (x+ 1, y), (x, y) T2−→ (x, y + 1),
(x, y)
σ−→ (y, x), (x, y) C6−→ (x− y, x). (1)
These crystal symmetries, together with global time re-
versal T and SU(2) spin rotational symmetries impose
constraints on a gapped Z2 spin liquids. These symme-
try conditions give rise to distinct Z2 spin liquids in the
Abrikosov-fermion representation.
A. Classifying Z2 spin liquids in Abrikosov-fermion
representation
In Abrikosov-fermion representation26,27, a spin 1/2 on
lattice site r is written in terms of two fermions fr,↑/↓:
~Sr =
1
4
Tr
(
Ψ†rΨr~σ
)
, Ψr ≡
(
fr,↑ fr,↓
f†r,↓ −f†r,↑
)
(2)
where ~σ stands for Pauli matrices. First we construct
mean-field Hamiltonian (“ansatz”) for fermionic spinons
HMF =
∑
r,l Tr
(
Ψ†r〈r|l〉Ψl
)
, 〈r|l〉 = 〈l|r〉†. (3)
where mean-field amplitudes 〈r|l〉 preserve all symme-
tries. Then the many-spin wavefunction can be obtained
by Gutzwiller projection which enforces the following
single-occupancy constraint
f†r,↑fr,↑ + f
†
r,↓fr,↓ = 1 (4)
on the mean-field groundstate |MF 〉 of fermionic spinons.
There is a SU(2) gauge redundancy27,28,35 in this repre-
sentation: spin operators ~Sr remains invariant under lo-
cal SU(2) gauge rotation Ψr → WrΨr, Wr ∈ SU(2).
Therefore each physical symmetry operation uˆ is fol-
lowed by a SU(2) gauge rotation Guˆ(r) when acting on
fermionic spinons. It follows that distinct Z2 spin liq-
uids are classified by so-called projective symmetry group
(PSG)28: i.e. gauge-inequivalent symmetry operations
{Guˆ(r)|uˆ ∈ symmetry group} with Ge(r) = ±1 ∈ Z2
for the identity element e of symmetry group.
In our case of triangular lattice, the symmetry group
(including spin rotations, time reversal T and space
group generated by T1,2,σ, C6) imposes the algebraic
conditions summarized on the left column of TABLE II
for symmetry operations {Guˆ(r) ∈ SU(2)}. The gauge-
inequivalent solutions are the following:
GT1(x, y) = 1, GT2(x, y) = η
x
12,
Gσ(x, y) = η
xy
12 gσ, GC6(x, y) = η
xy+y(y−1)/2
12 gC6 ,
GT (x, y) = gT . (5)
with
g2σ = ησ, g
6
C6
= ηC6 , (gC6gσ)
2 = ησC6 , (6)
g2T = ηT , gσgT = gT gσησT , gC6gT = gT gC6ηC6T .
Notice that we’ve defined the time reversal action GT (r)
on fermionic spinons fr,σ in the following way28
Φr
T−→ GT (r)τ2Φrσy, Φr ≡
(
fr,↑ fr,↓
f†r,↓ −f†r,↑
)
.
In this notation, the mean-field amplitude 〈r1|r2〉 trans-
forms as
〈r1|r2〉 = −GT (r1)〈r1|r2〉G†T (r2). (7)
under anti-unitary time reversal T and
〈gr1|gr2〉 = Gg(gr1)〈r1|r2〉G†g(gr2). (8)
under any (global and spatial) unitary symmetry g.
If ηT = 1 we have gT = 1, and hence all mean-field am-
plitudes must vanish identically due to time reversal sym-
metry (7). Therefore the only physical choice is ηT = −1
and we can choose a gauge so that gT = iτ2 = GT (x, y),
which only allows real hopping (τ3) and real pairing (τ1)
amplitudes. With this we summarize all symmetric PSGs
in TABLE I. They correspond to 20 distinct symmetric
Z2 spin liquids on triangular lattice.
In addition to all symmetric states summarized in TA-
BLE I, there is an extra pair of solutions to the PSG
equations (6) with
gT = iτ
2, gσ = iτ
3, gC6 = e
i
n6pi
6 τ
2
(n6 = 1, 2).
as noticed in Ref. 36, In particular the d+ id paired state
of Abrikosov fermions proposed in Ref. 18 corresponds to
the case of n6 = 2.
3Symmetric Abrikosov-fermion states Nematic states: mean-field amplitudes Schwinger-boson states
Label η12 gσ gC6 onsite [0, 0] NN [1, 1] NNN [2, 1] NN [1, 0] NN [1, 1] NNN [2, 1] NNN [1,−1] (p1, p2, p3)
#1 1 τ0 τ0 τ1,3 τ1,3 τ1,3 τ1,3 τ1,3 τ1,3 τ1,3 (1,1,0)
#2 -1 τ0 τ0 τ1,3 0 0 0 0 0 0 (0,1,0)
#3 1 τ0 iτ2 0 0 0 0 0 0 0
#4 -1 τ0 iτ2 0 0 τ1,3 τ1,3 0 τ1,3 τ1,3
#5 1 τ0 iτ3 τ3 τ3 τ3 τ3 τ3 τ3 τ3 (1,1,1)
#6 -1 τ0 iτ3 τ3 0 τ1 τ1 0 τ1 τ1 (0,1,1)
#7 1 iτ2 τ0 0 0 0 τ1,3 0 τ1,3 0
#8 -1 iτ2 τ0 0 0 0 0 0 0 0
#9 1 iτ2 iτ2 0 0 0 0 0 0 0
#10 -1 iτ2 iτ2 0 τ1,3 0 τ1,3 τ1,3 τ1,3 0
#11 1 iτ2 iτ3 0 0 0 τ3 0 τ3 0
#12 -1 iτ2 iτ3 0 τ1 0 τ1 τ1 τ1 0
#13 1 iτ3 τ0 τ3 τ3 τ3 τ1,3 τ3 τ1,3 τ3 (1,0,0)
#14 -1 iτ3 τ0 τ3 0 0 0 0 0 0 (0,0,0)
#15 1 iτ3 iτ1 0 0 0 τ1 0 τ1 0
#16 -1 iτ3 iτ1 0 0 τ3 τ3 0 τ3 τ3
#17 1 iτ3 iτ2 0 0 0 0 0 0 0
#18 -1 iτ3 iτ2 0 τ1 τ3 τ1,3 τ1 τ1,3 τ3
#19 1 iτ3 iτ3 τ3 τ3 τ3 τ3 τ3 τ3 τ3 (1,0,1)
#20 -1 iτ3 iτ3 τ3 τ1 0 τ1 τ1 τ1 0 (0,0,1)
Table I: Summary of 20 distinct symmetric Z2 spin liquids on triangular lattice. Among them, 8 states have their counterparts
in the Schwinger-boson representation34. We use [x, y] ≡ 〈0, 0|x, y〉 to label representative mean-field amplitudes. Only 4
Abrikosov fermion states support a symmetric Z2 spin liquid with up to next nearest neighbor (NNN) mean-field amplitudes,
as highlighted by red color. Each symmetric Abrikosov-fermion state have a unique nematic descendant which breaks C6
rotation but preserves mirror reflections σ and R = σ(C6)3. In addition to the 4 symmetric ansatz, another 4 states support a
nematic Z2 spin liquid with up to NNN amplitudes, as highlighted by blue color. In the mean-field amplitudes, τ1 represents
real pairing while τ3 stands for real hopping. Up to NNN mean-field amplitudes, only 3 ansatz support a gapped nematic Z2
spin liquids: they are #1, #6 and #20 states.
Once the symmetry transformations of fermionic
spinons are determined, the associated mean-field am-
plitudes [x, y] ≡ 〈0, 0|x, y〉 must obey certain symme-
try constraints. For example, on-site chemical potential
µˆ ≡ [0, 0] must satisfy
gT µˆg
†
T = −µˆ, (9)
µˆ = gσµˆg
†
σ = gC6 µˆg
†
C6
.
Mean-field amplitude αˆ ≡ [1, 1] between nearest neigh-
bors (NNs) must have
gT αˆg
†
T = −αˆ, (10)
αˆ = η12gσαˆg
†
σ,
αˆ† = η12g3C6 αˆg
−3
C6
.
For next nearest neighbor (NNN) mean-field amplitude
βˆ ≡ [2, 1] we have
gT βˆg
†
T = −βˆ, (11)
η12gC6 βˆg
†
C6
= gσβˆg
†
σ,
βˆ† = η12g3C6 βˆg
−3
C6
.
Among the 20 different Abrikosov fermion states sum-
marized in TABLE I, only 4 states can realize a sym-
metric Z2 spin liquid with up to NNN mean-field ampli-
tudes. They are #1, #6, #18 and #20 as highlighted by
red color in TABLE I. Later we’ll show that #18 state
doesn’t support a gapped spinon spectrum with up to
NNN amplitudes.
B. Duality between Abrikosov-fermion and
Schwinger-boson representations
In Schwinger-boson representation37, a spin-1/2 par-
ticle on lattice site r is decomposed into two species of
bosonic spinons {br,α|α =↑ / ↓}:
~Sr =
1
2
∑
α,β=↑/↓
b†r,α~σα,βbr,β (12)
where ~σ are Pauli matrices. Similar to Abrikosov-
fermion representation, the spin wavefunction is obtained
by single-occupancy Gutzwiller projection on mean-field
4Figure 1: (color online) Crystal symmetry of triangular
lattice, and nearest-enighbor (NN) hopping amplitudes of
fermionic spinons in the pi-flux state on the triangle lattice.
All NN hoppings are real with the same magnitude |α| > 0,
where thick (thin) bonds have negative (positive) hopping
signs. Each magnetic unit cell (denoted by the green oval)
is chosen to contain 4 lattice sites labeled by red/blue dia-
monds/dots.
states of bosonic spinons. Schwinger-boson representa-
tion has a U(1) gauge redundancy br,σ −→ e iφrbr,σ and
hence any symmetry operation uˆ is followed by a U(1)
phase rotation of Schwinger bosons by angle φuˆ(x, y).
Ref. 34 classified Z2 spin liquids in Schwinger-boson
representation and obtain 8 different states on triangu-
lar lattice, with the following gauge-inequivalent PSGs
(pi = 0, 1):
φT1(x, y) = 0, φT2(x, y) = xp1pi, (13)
φσ(x, y) = (xyp1 + p2/2)pi,
φC6(x, y) =
[
p1y(x+
y−1
2 ) + p3/2
]
pi.
and one can always choose a gauge so that φT (x, y) = 0
for time reversal T .
What is the relation between these 8 Schwinger-boson
states and the 20 Abrikosov-fermion states obtained in
this work? There are two ways to achieve this connec-
tion. The first approach is to directly compare the crystal
symmetry (mirror reflection σ, R and inversion (C6)3)
quantum numbers of their projected spin wavefunction
on different finite lattices38 and on infinite cylinders38,39.
For symmetry quantum numbers associated with time re-
Algebraic Identities bosonic bσ fermionic fσ vison v = b× f
T−12 T
−1
1 T2T1 = e (-1)
p1 η12 -1
σ−1T1σT−12 = e 1 1 1
σ−1T2σT−11 = e 1 1 1
C6
−1T1C6T2 = e 1 1 1
C6
−1T2C6T−12 T
−1
1 = e 1 1 1
σ2 = e (-1)p2 ησ 1
R2 = (C6σ)
2 = e (-1)p2+p3 ησC6 1
(C6)
6 = e (-1)p3 ηC6 -1
T−11 T
−1T1T = e 1 1 1
T−12 T
−1T2T = e 1 1 1
σ−1T−1σT = e (-1)p2 ησT 1
R−1T−1RT = e (-1)p2+p3 ηC6T ησT 1
T 2 = e -1 -1 1
Table II: The correspondence between bosonic spinon34,
fermionic spinon and vison PSGs on the triangular lattice.
Here bosonic spinon (bσ) PSGs are labeled by three integers34
pi = 0, 1 (i = 1, 2, 3), while fermionic spinon (fσ) PSGs are
labeled by six integers (η12, ησ, ησC6 , ηC6 , ησT , ηC6T ) where
η = ±1. Choosing a proper gauge we can always fix
C6
−1T2C6T−12 T
−1
1 = C6
−1T1C6T2 = 1 for both spinons and
visons.
versal symmetry (3 row at the bottom of TABLE II), one
can compare the degeneracy in the entanglement spec-
tra of their projected wavefunctions on different infinite
cylinders with σ and R symmetries38. Repeating the
same analysis as in Ref. 38 we obtain the unification of
Schwinger-boson PSGs and Abrikosov-fermion PSGs as
shown in TABLE I.
The 2nd approach is to understand the vison PSGs
in the Schwinger-boson state. As argued in Ref. 40
any Z2 spin liquids constructed by projecting a mean-
field Schwinger-boson state doesn’t support gapless edge
states41. On the other hand, nontrivial vison PSGs,
e.g. σ2 = −1 or σTσ−1T−1 = −1 acting on visons v,
will lead to symmetry protected gapless edge states on
an open edge preserving reflection σ. These strong con-
straints can determine the vison PSGs in any Schwinger-
boson state, as shown in the right column of TABLE II.
Meanwhile, in a Z2 spin liquid the fermionic spinon fσ
can be viewed as a bound state14 of a bosonic spinon
bσ and vison v due to fusion rule fσ = bσ × v. Con-
sequently the fermionic spinon (f) PSGs is a product
of bosonic spinon (b) PSGs and vison (v) PSGs, mul-
tiplied by a twist factor23,38–40. This twist factor is -
1 in the case of (C6)6 = e23, σ2 = R2 = e38–40 and
σTσ−1T−1 = RTR−1T−1 = e38,40, and +1 in all other
cases.
As a result in TABLE II, a Schwinger-boson state
(p1, p2, p3) belong to the same symmetric Z2 spin liquid
phase as an Abrikosov-fermion state if their PSGs have
5the following correspondence:
η12 = (−1)p1 , (14)
ησ = ησT = ηC6ησC6 = (−1)p2+1,
ηC6 = ηC6T = (−1)p3 .
All 8 Schwinger-boson states have their counterparts in
Abrikosov-fermion representation, as summarized in TA-
BLE I. Since the continuous phase transitions between
Z2 spin liquids and noncollinear magnetic orders can be
simply achieved by condensing bosonic spinons29,30 in
the Schwinger-boson representation, this unification al-
lows us to understand the neighboring magnetic orders
of some Abrikosov-fermion states.
C. Nematic descendants
DMRG studies9,10 suggest strong evidence for nematic
order in the gapped spin liquid phases, i.e. spontaneously
broken C6 rotational symmetry coexisting with Z2 topo-
logical order. This motivates us to study nematic (or
anisotropic) Z2 spin liquids on a triangular lattice. In
spite of broken C6 symmetry, these nematic Z2 spin
liquids still preserve two mirror reflections9,10, σ and
R ≡ σ(C6)3, as well as their combination: site-centered
inversion symmetry I = (C6)3. Ref. 33 classified ne-
matic Z2 spin liquids on an anisotropic triangular lattice
(with σ and R symmetry), leading to at least 63 distinct
Abrikosov-fermion states. Instead of examining all these
states, here we focus on those nematic states in proximity
to a C6-symmetric Z2 spin liquids. In other words they
can be achieved by adding anisotropic perturbations to
a C6-symmetric Z2 spin liquid, i.e. one of the 20 states
in TABLE I.
It turns out each of the 20 Abrikosov-fermion states
summarized in TABLE I has a unique nematic descen-
dant with the following symmetry transformations
GT1(x, y) = 1, GT2(x, y) = η
x
12,
Gσ(x, y) = η
xy
12 gσ, GI(x, y) = η
x+y
12 (gC6)
3,
GR(x, y) = η
xy+x+y
12 gR, GT (x, y) = gT = iτ
2.
where gR ≡ gσ(gC6)3. These symmetry properties im-
pose the following constraints on a generic mean-field
amplitude [x, y] ≡ 〈0, 0|x, y〉:
gT [x, y]g
†
T = −[x, y],
g3C6 [x, y]g
−3
C6
= ηxy+x+y12 [x, y]
†,
gσ[x, x]g
†
σ = η
x
12[x, x],
gR[x,−x]g†R = ηx12[x,−x]. (15)
To be specific, there are two independent amplitudes be-
tween 1st nearest neighbors (NNs) i.e. [1, 0] and [1, 1] in
nematic states. They satisfy
gT [1, 0]g
†
T = −[1, 0],
g3C6 [1, 0]g
−3
C6
= η12[1, 0]
†. (16)
and
gT [1, 1]g
†
T = −[1, 1],
g3C6 [1, 1]g
−3
C6
= η12[1, 1]
†,
gσ[1, 1]g
†
σ = η12[1, 1]. (17)
Similarly, two independent 2nd NN amplitudes [2, 1] and
[1,−1] satisfy
gT [2, 1]g
†
T = −[2, 1],
g3C6 [2, 1]g
−3
C6
= η12[2, 1]
†. (18)
and
gT [1,−1]g†T = −[1,−1],
g3C6 [1,−1]g−3C6 = η12[1,−1]†,
gσ[1,−1]g†σ = [1,−1]†. (19)
These conditions give rise to symmetry-allowed mean-
field amplitudes for the 20 nematic Z2 spin liquids, as
summarized in TABLE I. Due to spontaneous breaking
of C6 rotational symmetry, the symmetry conditions for
nematic Z2 spin liquids are less stringent than for the
isotropic (C6 symmetric) ones, leading to nonzero NN
and NNN amplitudes that are not allowed in isotropic
states. As a consequence, 4 more states support a ne-
matic Z2 spin liquid with up to NNN mean-field ampli-
tudes, in addition to the 4 isotropic states (red-colored
in TABLE I) in isotropic case. They are #4, #7, #10
and #13, as highlighted by blue color in TABLE I.
Previous variational Monte Carlo study18 suggested a
gapless d-wave paired state of Abrikosov fermions, which
is energetically competitive for a finite range of J2/J1.
In this state the fermionic spinons share the same PSG
with state #13 in TABLE I.
III. GAPPED SYMMETRIC Z2 SPIN LIQUIDS
AND THEIR NEIGHBORING PHASES
In DMRG studies of spin-1/2 J1-J2 Heisenberg model,
the gapped spin liquid phase appear only in the parame-
ter range9,10 of J2/J1 ≤ 0.17. Therefore for candidate Z2
spin liquids in Abrikosov-fermion representation, we fo-
cus on Z2 spin liquid states that can be realized by up to
next nearest neighbor (NNN) mean-field amplitudes. In
particular we’ll start from mean-field ansatz with nonzero
nearest neighbor (NN) amplitudes. We can always choose
a proper gauge such that NN mean-field amplitudes are
all real hoppings (τ3).
There are only two possible NN hopping ansatz that
preserve all symmetries (time reversal, spin rotation and
crystal symmetries):
(I) uniform RVB state: all NN real hoppings share the
same amplitude α.
(II) pi-flux (algebraic spin liquid) state: pi flux is in-
serted in half of the triangles (see FIG. 1).
6They correspond to two distinct symmetric U(1) spin
liquids on triangular lattice, which host gapless fermionic
spinons coupled to U(1) gauge field. In the following we’ll
study candidate Z2 spin liquids by adding perturbations
to these two parent U(1) spin liquids.
A. Gapped Z2 spin liquids near uniform RVB state
Among the 20 states in TABLE I, 4 of them support
uniform NN real hoppings, corresponding to 4 symmet-
ric Z2 spin liquids in the neighborhood of uniform RVB
state. They are #1, #5, #13 and #19 states. Three of
these 4 states (#5, #13 and #19) only allow real hop-
pings up to NNN amplitudes, therefore remaining to be
gapless U(1) spin liquids with spinon fermi surfaces.
On the other hand, #1 state allow uniform hoppings
and pairings in NN and NNN amplitudes. It’s straight-
forward to verify that uniform pairing terms can open up
a gap on the spinon fermi surface of NN hoppings, giving
rise to a gapped Z2 spin liquid which preserves all sym-
metries. Therefore #1 state, which is dual to Schwinger-
boson (1,1,0) state, is the only gapped Z2 spin liquid
phase in the neighborhood of uniform RVB state.
B. Gapped Z2 spin liquids near pi-flux algebraic
spin liquid
Unlike the uniform RVB state with a spinon fermi sur-
face, the pi-flux state11 is an algebraic spin liquid28,42,
described by gapless Dirac fermions coupled to emergent
U(1) gauge field. Similar to the case of uniform RVB
state, there are 4 distinct Z2 spin liquids in the neigh-
borhood of pi-flux state: i.e. #10, #12, #18 and #20
states in TABLE I.
Choosing the 4-site magnetic unit cell as illustrated in
FIG. 1, the Bloch Hamiltonian in the basis of ψ(r1,r2),σ ≡
(f(2x,2y+1),σ, f(2x+1,2y+1),σ, f(2x,2y),σ, f(2x+1,2y),σ)
T
writes
HˆpiMF = α
∑
k,σ ψ
†
k,σhˆkψk,σ, hˆk =
0 1 + e− ik1 1 + e ik2 e ik2 − e− ik1
1 + e ik1 0 e i (k1+k2) − 1 1 + e ik2
1 + e− ik2 e− i (k1+k2) − 1 0 −1− e− ik1
e− ik2 − e ik1 1 + e− ik2 −1− e ik1 0

The dispersion crosses zero energy (fermi level) at mo-
mentum k1 = k2 = pi. Expanding the above Bloch
Hamiltonian around Dirac point (pi, pi) leads to the
following linearized Dirac Hamiltonian in the basis of
ψq+(pi,pi),σ
hˆk =
[− q1µzνy + q2µyν0 + (q1 + q2)µxνy]σ0 +O(|q|2)
=
√
6(qxγx + qyγy) +O(|q|2),
γx =
(µx−2µz)νy−µyν0√
6
, γy =
µxνy+µyν0√
2
,
q = k− (pi, pi) ≡ (q1, q2) = (2qx,
√
3qy − qx).
where ~ν and ~µ are Pauli matrices for the (diamond,dot)
and (red,blue) sublattice indices respectively (see FIG.
1), while ~σ are Pauli matrices associated with spin index.
We’ve set lattice constant as unity.
In the Nambu basis of Ψq ≡ (ψTq,σ,− iψ†−q,σσy)T , the
low-energy Dirac Hamiltonian writes
HˆpiDirac =
α
2
∑
q Ψ
†
qdˆqΨq, (20)
dˆq =
[− q1µzνy + q2µyν0 + (q1 + q2)µxνy]σ0τz
=
√
6[qxγx + qyγy]σ0τz.
where ~τ are Pauli matrices for Nambu index.
A gapped Z2 spin liquid can be obtained by adding
pairing terms, which open up a gap in the Dirac spec-
trum. These pairing “mass terms” for Dirac fermions,
however, may break certain symmetries. In particular,
Dirac fermion Ψq = σyτyΨ∗−q in (20) transform under
symmetries in the following way:
Ψq
T−→ iσyΨ−q,
Ψq
SU(2)spin−→ exp(i θ2 nˆ · ~σ)Ψq,
Ψq
T1−→ µ0νyσ0τzΨq,
Ψq
T2−→ µyνzσ0τzΨq,
Ψ(q1,q2)
σ−→ Uσσ0(g˜σ)Ψ(q2,q1),
Ψ(q1,q2)
R=σC6
3
−→ URσ0(g˜σ g˜3C6)Ψ(−q2,−q1),
Ψ(q1,q2)
C6−→ UC6σ0(g˜C6)Ψ(−q2,q1+q2).
where we define g˜σ = e ipiτ
2/4gσe
− ipiτ2/4 and g˜C6 =
e ipiτ
2/4gC6e
− ipiτ2/4 in a different gauge. We have
{g˜C6 , τz} = {g˜σ, τz} = 0 and
Uσ = UR =

0 0 0 1
0 −1 0 0
0 0 1 0
1 0 0 0
 , UC6 =

0 0 0 −1
1 0 0 0
0 0 1 0
0 −1 0 0
 .
Notice that there is a U(1) gauge redundancy for alge-
braic spin liquid (20), i.e. the Dirac Hamiltonian is in-
variant under any τz rotations.
Clearly the symmetric spin-singlet pairing mass terms
which anticommute with Dirac matrices γx,yσ0τz are sim-
ply
MsSC = µ0ν0σ0(<∆ssc · τx + =∆ssc · τy). (21)
7Time-reversal-invariant real pairing mass µ0ν0σ0τx pre-
serves σ and C6 symmetries, if and only if [g˜C6 , τx] =
[g˜σ, τx] = 0. Therefore among the 4 neighboring Z2
spin liquids near pi-flux state, only #20 state with gσ =
gC6 = iτz allows a symmetric pairing mass for the Dirac
fermion.
As a result, #20 state which is dual to Schwinger-boson
(0, 0, 1) state is the only gapped Z2 spin liquid in the
neighborhood of the pi-flux algebraic spin liquid.
C. Confined symmetry-breaking phases in
proximity to gapped Z2 spin liquids
A gapped Z2 spin liquid can be driven into “confined”
symmetry-breaking phases with no fractional excitations,
by condensing their fractional excitations. For example,
condensing spin-singlet vison excitations typically gives
rise to a valence bond solid (VBS) phase, which breaks
crystal symmetries but preserves global spin rotation and
time reversal symmetries. On the other hand, condensing
bosonic spinons (carrying spin-1/2 each) typically leads
to a noncolinear magnetic order which breaks time rever-
sal as well as spin rotational symmetries. Therefore con-
fined symmetry-breaking states in proximity to a Z2 spin
liquid reflect the symmetry quantum numbers of spinons
and visons therein, and is an important characterization
of the symmetry fractionalization in the Z2 spin liquid.
In the following we analyze the proximate ordered phases
of the two promising Z2 spin liquids, #1 and #20 as dis-
cussed above.
First we discuss #1 state in the neighborhood of uni-
form RVB state. As shown in section II B, it describes
the same Z2 spin liquid phase as the (1,1,0) state in
Schwinger-boson representation34. In the Schwinger-
boson representation, the transition from Z2 spin liquid
to a magnetic ordered phase is simply described by con-
densation of Schwinger-bosons. As shown in Ref. 34, the
consequent ordered phase in proximity to (1,1,0) state is
a 4-sublattice noncolinear magnetic order:
S(r) = n1(−1)x + n2(−1)y + n3(−1)x+y.
It features a 2×2 magnetic unit cell and is the tetrahedral
state classified in Ref. 43.
On the other hand, the low-energy dynamics of spin-
less visons is described by a fully frustrated quantum
Ising model on the dual honeycomb lattice32,44, which is
constrained by the vison PSGs in TABLE II. As shown
in Ref. 32,44–46, the VBS phase achieved by condensing
visons in the Z2 spin liquid is featured by an enlarged√
12×√12 unit cell.
Now let’s turn to #20 state in the neighborhood of
pi-flux algebraic spin liquid. It belongs to the same
Z2 spin liquid phase as (001) state in Schwinger-boson
representation29,34. Since all Z2 spin liquids constructed
from Schwinger-boson mean-field ansatz share the same
vison PSGs40, the VBS phase in proximity to #20 state
generically has the same
√
12×√12 symmetry-breaking
pattern as the #1 state. Meanwhile upon condensation
of bosonic spinons, Ref. 29,34 showed that the so-called
120-degree Neel ordered phase with a
√
3×√3 magnetic
unit cell will be developed from the (001) state.
Since #20 state can be obtained by adding a singlet
pairing mass term to Dirac spinons in pi-flux state, the
Abrikosov-fermion representation provides an alterna-
tive way to understand the confined symmetry-breaking
phases in its neighborhood. To be specific, the VBS
phase corresponds to the following mass term added to
Dirac spinons in (20):
MV BS = ~B ·V = 1√3
[
B1(µx + µz − µyνy) + (22)
B2(νx + µxνz − µzνz) +B3(νz − µxνx + µzνx)
]
τz
where we’ve only written down the Pauli matrices with a
nonzero subscript. The VBS mass matrices V are invari-
ant under time reversal and spin rotations, but transform
nontrivially under space group symmetries:
T1(V1, V2, V3)T
−1
1 = (V1,−V2,−V2),
T2(V1, V2, V3)T
−1
2 = (−V1,−V2, V2),
σ(V1, V2, V3)σ
−1 = (−V3, V2,−V1),
C6(V1, V2, V3)C6
−1 = (−V2, V3,−V1).
corresponding to crystal-symmetry-breaking VBS orders.
It’s straightforward to verify that 3 VBS masses V1,2,3
anticomute with each other, and they all anticommute
with the singlet pairing mass τx,y corresponding to Z2
spin liquid phase. As a result the low-energy dynamics
of 5-component mass-term vector
~v = (<∆ssc,=∆ssc, V BS1, V BS2, V BS3)
is described by O(5) non-linear sigma model (NLsM)
with a Wess-Zumino-Witten (WZW) term47–49. Such a
WZW term can be derived by integrating out fermionic
spinons in the Dirac Hamiltonian (20). It implies a con-
tinuous quantum phase transition40,50 between Z2 spin
liquid #20 (∆ssc 6= 0, V BS = 0) and the VBS phase
(∆ssc = 0, V BS 6= 0).
Similarly the quantum spin Hall (QSH) mass terms to
Dirac spinons
MQSH = ~n ·m = (µxνy + µzνy − µy)(~n · ~σ)τz√
3
(23)
also anticommute with the singlet pairing masses. This
indicates the dynamics of the following 5-component
mass vector
~v′ = (<∆ssc,=∆ssc, QSHx, QSHy, QSHz)
is also captured by O(5) NLsM with a WZW term. Once
the Dirac spinons acquires a finite gap from the QSH
mass term, the monopole of U(1) gauge fields coupled
8Figure 2: (color online) Mean-field hopping amplitudes (up to
NNN) of nematic Z2 spin liquid #20 in TABLE I. There are
two types of NN hoppings denoted by black and red colors: for
black ones, thick and thin lines have the same amplitude |α1|
but opposite signs; for red ones, solid and dashed lines have
the same amplitude |α2| but opposite signs. NNN amplitudes
are labeled by blue color: solid and dashed lines have the
same amplitude |β1| but opposite sings. Onsite real paring is
also allowed by symmetry.
to fermionic spinons will carry a spin quantum number
due to QSH effect40,50,51. Although QSH mass MQSH in
(23) appear to preserve U(1) spin rotation along ~n-axis,
the proliferation of monopole events in U(1) gauge fluc-
tuations will destroy the spin conservation along nˆ-axis,
leading to a noncolinear magnetic order with 3 Goldstone
modes40,50. Therefore the WZW term for the quituplet
of singlet pairing and QSH masses implies a continuous
quantum phase transition between 120-degree Neel order
and Z2 spin liquid #20, in accordance with Schwinger-
boson (001) state29,34.
In the phase diagram of triangular J1-J2 Heisenberg
model obtained in DMRG studies, the gapped spin liq-
uid phase appear in proximity to 120-degree Neel order
and another colinear “stripy” Neel order9,10. This is an-
other evidence in favor of #20 state (i.e. Schwinger-boson
(0,0,1) state) as a promising candidate for the spin liquid
found in J1-J2 model.
IV. NEMATIC Z2 SPIN LIQUIDS ON
TRIANGULAR LATTICE
In DMRG studies of spin-1/2 J1-J2 Heisenberg model
on triangular lattice, both the even and odd sectors of
the gapped spin liquid phase show spatially anisotropic
spin-spin correlations9,10, different from the Z2 spin liq-
uid in kagome Heisenberg model9. Meanwhile the spin
liquid shows strong response to a C6-breaking perturba-
Figure 3: (color online) Mean-field hopping amplitudes (up
to NNN) of nematic Z2 spin liquid #6 in TABLE I. Nonzero
NN hoppings are denoted by black thick lines: for black ones,
solid and dashed lines have the same amplitude |α1| but oppo-
site signs. The thin lines connecting NNs have zero hopping
amplitude. There are two types of NNN amplitudes: for blue
(or red) colors, solid and dashed lines have the same ampli-
tude |β1| (or |β2|) but opposite sings. Onsite real paring is
also allowed by symmetry.
tion to Heisenberg couplings9. This motivates us to seek
for nematic Z2 spin liquid candidates for J1-J2 Heisen-
berg model. Again we focus on those nematic Z2 spin
liquids that can be realized by up to NNN mean-field
amplitudes.
Nematic Z2 spin liquids on triangular lattice has been
classified in Ref. 33. Here we restrict ourselves to those
nematic (anisotropic) Z2 spin liquids that can be ob-
tained by perturbing fully-symmetric (isotropic) Z2 spin
liquids. As discussed in section IIC, for each symmet-
ric Z2 spin liquids on triangular lattice, there is one and
only one nematic “descendant” which preserves two mir-
ror reflections σ and R but breaks C6 rotation (see FIG.
1). Their symmetry-allowed mean-field amplitudes are
summarized in TABLE I.
First we examine those nematic Z2 spin liquids in the
neighborhood of uniform RVB state, #1, #5, #13 and
#19. In addition to #1 state which already realizes a
gapped Z2 spin liquid without breaking C6 symmetry, in
the presence of nematic order #13 state can also real-
izes a Z2 spin liquid with up to NNN amplitudes. To be
precise, C6 symmetry breaking gives rise to nonzero pair-
ing amplitudes (τ1) in #13 state, as shown in TABLE I.
However, these nematic pairing terms generally cannot
open a full gap on the spinon fermi surface: typically
they leave 4 point nodes on the fermi surface similar to
the d-wave superconductors. Therefore even in the pres-
ence of nematic order, #1 state is still the only gapped
Z2 spin liquid near uniform RVB state.
Next we look into nematic Z2 spin liquids in the
neighborhood of pi-flux state, #10, #12, #18 and
9#20. Among them, only ansatz #20 supports a fully-
symmetric gapped Z2 spin liquid. After breaking C6
symmetry with nematic order, it is possible to realize
a Z2 spin liquid with up to NNN amplitudes in both
#10 and #18 (but not #12) state. However, the pairing
terms cannot open up a gap in the spinon Bogoliubov
spectrum: point nodes still exist in #10 and #18 state.
As a result, #20 is again the only gapped nematic Z2
spin liquid near pi-flux algebraic spin liquid. In addition
to onsite real pairing, it also allows NN/NNN hoppings
as demonstrated in FIG. 2.
Meanwhile, there are 3 other nematic Z2 spin liquids
that can be realized with up to NNN amplitudes: #4,
#6 and #7. Among them, #4 and #7 have gapless
excitations in their spinon Bogoliubov spectra, while #6
supports a gapped nematic Z2 spin liquid. The mean-
field ansatz #6 allows onsite real hoppings, together
with NN/NNN real hoppings as demonstrated in FIG. 3.
To summarize, there are 3 gapped nematic Z2 spin
liquids that can be realized by up to NNN mean-field
amplitudes among the 20 states in TABLE I: they are
#1 state dual to Schwinger-boson (110) state, #6 state,
and #20 state dual to Schwinger-boson (001) state. They
are the most promising candidate for possible nematic Z2
spin liquid phase in triangular-lattice J1-J2 Heisenberg
model.
V. SUMMARY
To summarize, in this work we studied symmetry
Z2 spin liquids on triangular lattice and their nematic
descendants, in connection to the numeric discovery
of a gapped spin liquid phase in triangular lattice
J1-J2 model. We classified symmetric Z2 spin liquids
in the Abrikosov-fermion representation, found 20
distinct states and identified 2 states (#1 and #20 in
TABLE I) as the promising candidates which support
a gapped Z2 spin liquid with up to NNN mean-field
amplitudes. By establishing the correspondence between
symmetric Abrikosov-fermion and Schwinger-boson
states on triangular lattice, we are able to understand
the noncollinear magnetic order phases and VBS phases
in the neighborhood of these 2 gapped spin liquids. In
particular state #20 in TABLE I, dual to the (001)
state in Schwinger-boson representation, is continuously
connected to the 120-degree Neel order, which is found
to lie in proximity to gapped spin liquid in the DMRG
phase diagram9,10. Motivated by numerical evidence
of possible nematic order in this spin liquid phase9,10,
we also studied nematic Z2 spin liquids by perturbing
the symmetric ones. We identified 3 promising nematic
states, #1, #6 and #20 in TABLE I which can realize
a gapped Z2 spin liquid with up to NNN amplitudes.
It’ll be interesting for future variational Monte Carlo
studies to see whether these nematic Z2 spin liquids are
energetically more favorable than fully-symmetric states
or not.
Note added: Upon completion of this paper, we be-
came aware of an independent work52 which also classi-
fied symmetric Z2 spin liquids in the Abrikosov-fermion
representation on triangular lattice.
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